Abstract. We combine two approaches to the study of classification theory of AECs:
M
+ , provided that M and M + are models of cardinality λ + . Our results have been applied by Jarden in: (1) [JrTame] : avoiding the restriction of the class K λ + and deriving a good non-forking λ + -frame, (2) Corollary 4.12: proving the amalgamation property in λ + , (3) [JrPrime] : proving the existence of primeness triples and (4) again [JrTame] : proving the serial (λ, λ + )-continuity property.
are respectively discussed in Sections 2 and 4 and in Definition 3.2.1(2) of [JrSh 875]) . Shelah [Sh:h] introduced the method of deriving a good non-forking λ + -frame from a good non-forking λ-frame and it is generalized in [JrSh 875] to semi-good non-forking frames. Since the amalgamation property in λ + is not assumed, the main point in this method is to construct a relation, N F λ + , on K λ + , such that (K λ + , N F λ + ) satisfies the amalgamation property. The construction of N F λ + is done by the following steps: (1) Assume that the class of uniqueness triples, K 3,uq , satisfies the existence property, (2) use K 3,uq to construct a non-forking relation, N F , on quadruples of models of cardinality λ, (3) use N F to construct a non-forking relation, N F on quadruples of models: two of cardinality λ and two of cardinality λ + , (4) use N F to construct a binary relation, N F λ + on K λ + . While in [Sh:h] .II, [JrSh 875] , [JrTame] and [Bo] , the goal is to derive a good non-forking λ + -frame, here, our main goal is to avoid the changing of the relation ↾ K λ + .
Amalgamation in λ + and Versions of Tameness
To our opinion, tameness is a mild assumption, while amalgamation is not so mild. Without amalgamation, the proofs are tend to be very hard and the conslusions are weaker. Assuming amalgamation, tameness is very helpfull. Here we show that even without amalgamation, tameness is very helpfull. We elaborate.
With amalgamation: Shelah [Sh:394] proves a downward categoricity theorem, assuming the amalgamation property in general. Grossberg and VanDieren [?] introduces tameness and proves an upward categoricity theorem assuming tameness (in addition to the amalgamation property). In [JrTame] , we present sufficient conditions complete... , Boney [Bo] and Vasey [?] derive a good non-forking λ + -frame assuming the existence of a semi-good non-forking frame and tameness. Vasey [Vas1] constructs a good non-forking frame assuming tameness.
Without amalgamation: Shelah [Sh:h] constructs non-forking λ-frames under several different hypotheses and derive good non-forking λ + -frames. The proofs in [Sh:h] are much more complicated than the proofs in [Sh:394] and no categoricity theorem is proved.
Here (as in [Sh:h] , [JrSh 875] , [JrSi3] , [JrPrime] and [JrTame] ), we continue the study of non-forking frames without the amalgamation proeprty. We improve the results of [Sh:h] , assuming tameness for non-forking types.
We define 2 3 = 8 variants of tameness. In order to clarify the distinction between four variants to another four variants, we recall known facts about the connection between the amalgamation property and the definition of a type. The following definition sums up Definitions 1.0.22 and 1.0.24 of [JrSh 875]:
We define E as the transitive closure of
2 ) says that 'a 1 and a 2 strongly realize the same type over M 0 (in the definitions of [Ba] ). When the amalgamation property in λ holds, the restriction of E * to models of cardinality λ is a transitive partial order, so if ||M 0 || = λ then tp(a 1 , M 0 , M 1 ) = tp(a 2 , M 0 , M 2 ) if and only if the triples (M 0 , M 1 , a 1 ) and (M 0 , M 2 , a 2 ) are E * -equivalent.
In the definition of tameness (Definition 2.2), we conclude that the triples are E * -equivalent (equivalently, the elements strongly realize the same type). But in the definition of weak tameness (Definition 2.3), we conclude that the elements only realize the same type.
Definition 2.2. (K, ) is said to satisfy the (λ, λ + )-tameness property when for every M 0 , M 1 , M 2 ∈ K λ + with M 0 M 1 and M 0 M 2 , the following condition holds: For every
Definition 2.3. (K, ) is said to satisfy the weak (λ, λ + )-tameness property when for every M 0 , M 1 , M 2 ∈ K λ + with M 0 M 1 and M 0 M 2 , the following condition holds: For every
Remark 2.4. Obviously, if the weak (λ, λ + )-tameness property and the amalgamation property in λ + hold then the (λ, λ + )-tameness property holds.
In the following definition, the quantifier of M − 0 is 'for some' in place of 'for every'. But see Proposition 2.6. Definition 2.5. (K, ) is said to satisfy the (λ, λ + )-tameness for nonforking types property when for every M 0 , M 1 , M 2 ∈ K λ + with M 0 M 1 and M 0 M 2 , the following condition holds: For every
Proposition 2.6. If (K, ) satisfies the (λ, λ + )-tameness property, then it satisfies the (λ, λ + )-tameness for non-forking types property.
The proof of Proposition 2.6 is rather easy, but for completeness we give it.
Since (K, ) satisfies the (λ, λ + )-tameness property, it is sufficient to prove that for every
Now we define the fourth variant of tameness.
Definition 2.7. The weak (λ, λ + )-tameness for non-forking types property is similar to the (λ, λ + )-tameness for non-forking types property, but we conclude only tp(
Remark 2.8. Obviously, if the weak (λ, λ + )-tameness for non-forking types property and the amalgamation property in λ + hold then the (λ, λ + )-tameness for non-forking types property holds.
In corollary 4.10 we present sufficient conditions for a positive answer to the following question, using the relation N F λ + (see the following section).
Question 2.9. Assume that the amalgamation property in λ holds. Does the (λ, λ + )-tameness for non-forking types property yield the amalgamation property in λ + ?
We now look for a weaker version of tameness, which is more natural. Remark 2.4, says that tameness is weaker than weak tameness with amalgamation. So we want to restrict K λ + to a class of base amalgamations.
The saturated models in λ + over λ are natural candidates for base amalgamations: If we restrict ourselves to the saturated models in λ + over λ then we have categoricity in λ + [JrSh 875, Theorem 1.0.32]. By a well-known theorem of Shelah, if an AEC is categorical in λ + but does not satisfy the amalgamation property in λ + then under plausible set theoretic assumption, we can prove the existence of 2 λ ++ models of cardinality λ ++ . So it is natural to assume that every saturated model in λ + over λ is an amalgamation base. This leads to the next definition.
Definition 2.10. (K, ) is said to satisfy the (λ, λ + )-tameness for nonforking over saturated models property when for every
The definitions of the following variants are clear:
(1) The (λ, λ + )-tameness over saturated models, (2) the weak (λ, λ + )-tameness over saturated models, (3) the weak (λ, λ + )-tameness for non-forking types over saturated models.
The Relations N F, N F and N F λ +
For completeness, we recall the definitions of the relations N F, N F and N F λ + . We prove several new propositions too. Shelah [Sh:h] .II defined a nonforking relation N F on models, which is based on the non-forking relation . In [JrSh 875], we presented an equivalent definition of N F , such that limit models are not mentioned. The new definition is easier to work with and can be applied even when stability in λ does not hold.
In Definition 3.1, we list the axioms for a relation N F and denote 'the relation N F satisfies the list of the axioms' by N F . Fact 3.3 presents sufficient conditions for the existence of a relation N F satisfying N F and respecting s.
N F means that the following hold:
Definition 3.2. Let N F be a relation such that N F holds. The relation N F respects the frame s means that if From now on we assume:
Hypothesis 3.4.
(1) s is a semi-good non-forking frame, (2) the class of uniqueness triples satisfies the existence property.
In Definition 3.5, we use the relation N F to present a 'non-forking relation' on quadruples of models, where two models are of cardinality λ, and two models are of cardinality λ + .
Definition 3.5. Define a 4-ary relation N F on K by
when the following hold:
By [JrSh 875, Theorem 6.1.3]:
Fact 3.6 (basic properties of N F ).
The following proposition is a new version of ' N F respects the frame s'. Notice that the cardinality of N 0 is λ + (but the cardinality of M 0 is λ).
Proposition 3.7. Suppose:
(1) s is a semi-good λ-frame, (2) K 3,uq satisfies the existence property, 
Since the relation N F respects the frame s, it yields tp(a, M ′ , N 1 ) does not fork over M 0 . ⊣ Now we define a binary relation N F λ + on K λ + , that is based on the relation N F :
By [JrSh 875, Proposition 6.1.6]:
Fact 3.9. (K λ + , N F λ + ) satisfies the following properties:
Proof. On one hand, suppose M 1 N F λ + M 2 . Let M 1,α : α < λ + and M 2,α : α < λ + be two filtrations of M 1 and M 2 respectively. By Fact 3.9(a), for some club E of λ + , for every ε, ζ ∈ E if ε < ζ then N F (M 1,ε , M 1,ζ , M 2,ε , M 2,ζ ). Let α ∈ E. Then the filtrations M 1,ε : ε ∈ E − α and M 2,ε :
Conversely, we have to prove that M 1 N F λ + M 2 . Take filtrations M 1,α : α < λ + and M 2,α : α < λ + of M 1 and M 2 respectively. By assumption, for some club E of λ + for every α ∈ E, we have
The Relations are Equivalent!
In this section we prove the main results. Let us describe their conclusions roughly, without elaborating their hypotheses.
(1) In Theorems 4.1 and 4.4 we conclude Statement 1.2 in some sense, (2) in Corollaries 4.10 and 4.11 we get the amalgamation property in λ + (or a version of it) and (3) in Corollary 4.12 we obtain the equivalence between the conclusion in (2) [the amalgamation proeprty in λ + ] and the conclusion in (1) [Statement 1.2].
Theorem 4.1. Suppose:
(1) Hypothesis 3.4 and (2) (K, ) satisfies the (λ, λ + )-tameness for non-forking types property. Then for every two models M, M + of cardinality λ + the following holds: (
It is sufficient to find a pair (N, N + ) ∈ A such that (M, M + ) < A (N, N + ) and N = N + , becuase it yields M + N and M N F λ + N and so by Fact 3.9(c), M N F λ + M + . Hence, by the following claim, it is sufficient to find a pair (N, N + ) ∈ A such that (M, M + ) < A (N, N + ) and (N, N + ) is a < A -maximal pair in A.
Proof. Let (N, N + ) be a pair in A with N = N + . We should prove that (N, N + ) is not < A -maximal. By density of basic types (in λ + ), for some a ∈ N + − N the type tp(a, N, N + ) is basic. So there is N − ∈ K λ such that N − N and tp(a, N, N + ) does not fork over N − . For some N 
Proof. Without loss of generality, β = 0. We should prove that
. By smoothness (one of the AEC's axioms),
Now we can complete the proof of the theorem, using Claim 4.2. For the sake of a contradiction, assume that there is no < A -maximal pair. We choose by induction on α < λ ++ a pair (M α , M + α ) ∈ A such that for every α < λ ++ , (1) Hypothesis 3.4 and (2) (K, ) satisfies the (λ, λ + )-tameness for non-forking types over saturated models property.
Then for every two models M, M + ∈ K sat the following holds:
The proof of Theorem 4.4 is similar to the proof of Theorem 4.1, but more complicated. The main difficulty is in the proof of Claim 4.7, the analogous of Claim 4.2. In the proof of Claim 4.2, we use (λ, λ + )-tameness for nonforking types. But in order to apply the (λ, λ + )-tameness for non-forking types over saturated models property, we should prove that the model N , appearing in the proof of Claim 4.2, is saturated in λ + over λ.
In order to overcome this difficulty, we replace the class of pairs A, appearing in the beginning of the proof of Theorem 4.1, by the class B of pairs (M 1 , M + 1 ) ∈ A such that M 1 ∈ K sat . Now we can apply the (λ, λ + )-tameness for non-forking types over saturated models property.
Unfortunately, a new problem arises: Not every < A extension of a pair in B is in B. In order to solve this problem, we use the relation ≺ (1) for every N 1 ∈ K λ + we can find N 2 such that Definition 4.6. The ≺ + λ + -game is a game between two players, Player 0 and Player 1. The game has λ + rounds. In any round, the players choose two models, N 0,α , N 1,α in K λ (usually, Player 0 chooses the model N 0,α and Player 1 chooses the model N 1,α , but in the first round, Player 0 chooses both) with the following rules:
The first round: Player 0 chooses models N 0,0 , N 1,0 ∈ K λ with N 0,0 N 1,0 and Player 1 does not do anything.
The α round where α is limit: Player 0 must choose N 0,α := β<α N 0,β and Player 1 must choose N 1,α := β<α N 1,β .
The α + 1 round: Player 0 chooses a model N 0,α+1 such that the following hold:
(1) N 0,α N 0,α+1 .
(2) N 0,α+1 N 1,α = N 0,α . After Player 0 chooses N 0,α+1 , Player 1 has to choose N 1,α+1 such that N F (N 0,α , N 1,α , N 0,α+1 , N 1,α+1 ) .
At the end of the play, Player 1 wins the game if
Otherwise Player 0 wins the game.
that satisfies the following conditions:
(1) α < λ + .
(2) N 0,β : β ≤ α + 1 , N 1,β : β ≤ α are increasing continuous sequences of models in
A strategy for Player 1 is a function F that assigns a model N 1,α+1 satisfying N F (N 0,α , N 1,α , N 0,α+1 , N 1,α+1 ) to each position after α + 
Proof. Let (N, N + ) be a pair in B with N = N + . We should prove that (N, N + ) is not < B -maximal.
By density of basic types (in λ + ), there is an element a ∈ N + − N such that tp(a, N, N + ) is basic. Let N 0,α : α < λ + be a filtration of N such that tp(a, N, N + ) does not fork over N 0,0 . Let N 1,0 ∈ K λ and let b ∈ N 1,0 such that tp(b, N 0,0 , N 1,0 ) = tp(a, N 0,0 , N + ).
Define f 0 : N 0,0 → N 1,0 by f 0 (x) = x. Let F be a winning strategy for Player 1 in the ≺ + λ + -game. We choose N 1,α ∈ K λ and an injection f α : N 0,α → N 1,α by induction on α ∈ (0, λ + ) such that the following hold:
( (5)).
In the α + 1 round, Player 0 chooses the model f α+1 [N 0,α+1 ] (explicitely, by chooshing f α+1 ) such that Clauses (1) and (2) 
Since the relation < B is closed under isomorphisms and the restriction of h to N is f * , it is sufficient to prove that (f
But it follows by the following subclaim: Subclaim 4.8.
Proof.
(1) Since F is a winning strategy, Player 1 wins the game. Therefore
(3) By Clause (1) and Fact 4.5(2),
The proof of Claim 4.7 is completed. ⊣ Claim 4.9. If (M α , M + α ) : α < δ is a < B -increasing continuous sequence of pairs in B then
. It remains to show that α<δ M α is a saturated model in λ + over λ.
M α : α < δ is a N F λ + -increasing and continuous sequence of models in K sat . So by [JrSh 875, Theorem 7.18(a) In the following corollary, we do not assume tameness, but weak tameness only.
Corollary 4.12. Suppose:
(1) Hypothesis 3.4 and (2) (K, ) satisfies the (λ, λ + )-tameness for non-forking types property. The following conditions are equivalent: Fact 5.1. Suppose: (1) s = (K, , S bs , ) is a semi-good λ-frame with conjugation.
(2) K 3,uq is dense with respect to bs . (3) I(λ +2 , K) < 2 λ +2 .
Then
(1) There is a good λ + -frame s + = (K sat , N F λ + ↾ K sat , S bs,+ , + ), such that K sat ⊆ K λ + and the relation N F λ + ↾ K sat is included in the relation ↾ K sat . (2) s + satisfies the conjugation property. (3) There is a model in K of cardinality λ +2 . (4) There is a model in K of cardinality λ +3 .
Combining Fact 5.1 with our results, we infer the following corollary.
Corollary 5.2. Suppose:
(1) (K, ) satisfies the (λ, λ + )-tameness for non-forking types property, (2) s = (K, , S bs , ) is a semi-good λ-frame with conjugation, (3) K 3,uq is dense with respect to bs , (4) I(λ +2 , K) < 2 λ +2 .
(1) s + = (K sat , ↾ K sat , S bs,+ , + ) is a good λ + -frame. (2) s + satisfies the conjugation property, (3) there is a model in K of cardinality λ +2 , (4) there is a model in K of cardinality λ +3 .
Proof. First note that in Fact 5.1, it is written only that there is K sat but it is not written what is it. But by its proof, K sat is as we defined here: the class of saturated models in λ + over λ. Now by Fact 5.1, it is sufficient to prove that the relations ↾ K λ + and N F λ + are equivalent. By the proof of [JrSh 875, Theorem 11.1.1], K 3,uq satisfies the existence property. So we can apply Theorem 4.1 (and Fact 5.1). ⊣ Likewise, we can avoid the changing of the partial orders in the conclusions of [JrSh 875, Theorems 11.1.5, Corollary 11.1.6], assuming the (λ, λ + )-tameness for non-forking types property.
